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Final State Effects in Neutron Scattering Experiments on Momentum Distributions in Quantum Fluids

Richard N. Silver

Theoretical Division and Los Alamos Neutron Scattering Center, MS B262, Los Alamos National
Laboratory, Los Alamos, New Mexico, 8754S, U.S.A.

Using a “hard core perturbation theory,” the final state corrections to the impulse approximation
are derived for high Q neutron scattering experiments to determine momentum distributions in
quantum fluids. The final state broadening depen~is on the radial distribution function, g(r), and
the He-He phase shifts. It has a zero second moment and no Lorent ian wings, satisfying the
kinetic energy sum rule.

i
Explictt results are presented for superfluid He,

1. INTRODUCTION:
Since the original suggestion by Hohenberg &

Platzman [1], there have been many experiments [2]
LO determine the momentum distributions in quantum
solids and fluids by scattering neutrons at Q high
enough tr irjvoke the impuls? approximation (IA).
Most theories of the final state corrections to
the IA have predicted a quasi-Lorentzian Lineshape
[3]. However, Gersch, et al. [4] argued that the
real space correlations, expressed through g(r),
result in a non. Lorentzian final state broadening.
A simple q~]asiclassical theory for this effect was
developed by Sil~er & Reiter [5].

In this paper, I outline the first perturbatlve
derivation of the final state effects iii deep
inelastic neutron scattering experiments on quan-
tum fluids. ‘Ihe vertex terms introduce g(r)4 I
present numerical results for superfluid He.

2. HARD COHE PERTURBATION THEORY:—— .—— .—. ...-
First, 1 dpproxfi~-; the Hamiltonian at high Q.

The Ior,g range part of the potentia) and the low
momentum part of the kinetic energy govern the
ground state properties such as g(r) and n(p).
The short range part of the poter,tial and the high
momentum part of the kitletir energy dominate final
state effects. 1 treat the former statically,
with g(r) given by experiment or by other theory,
and I carry out a perturbation expansion for the
dynamics using the latter part of the Hamiltonian,

Second, a perturbation theory for hard core
potentials (termed “HCPT”) can be developed by
analogy with the perturbatlve derivation of
Boltzmann equation, expressions for the electrical
resistivity startl.ng from the Kubo formula. The
“diagonal projecti P operator method” of Argyres &
Sigel [6] resuma the te~ms in the Liouville per-
turbative expansion of the Kubo formula which are
singular aa w + ic (i.e. from intermediate terms
in the density ❑atrix of iotm a+a ), Titt pertur-
bative expanaion of S(Q,W) is f $t4ally analqqus,
with the singular terms occurring aa hw + h q /2fn
+ i&, To resum these singular terms (of form
at a ), I again perform a Liouville perturbative

ei~%lion of S(Q,W), but with an off-diagonal
density projection operator defirred in terms of
ground stat? expectation valuea. S(Q,W) can then
be written as a Dyson equation for a two particle
propagator with the Liouville T-operator
gsneratlng the irreducible part,

Assuming two-body collisions dominate thr finsl
state effects, the third step is to replace the
many-body Liouville T operator by an unrenor-
malized two body T-operator, rn the resultant
theory, I evaluate expectation valuea in the
ground state of products of ~.tio creation and two
annihilation oper,~tors in terms of the g(r) and the

momentum distributions in agreement with the sum
rules. The self energy terms in the Dyson equa-
tion alone would predict quasi-Lorentzian line-
shapes . However, the self energy terms are
exactly canceled by a part of the vertex terms,
which is related to a Ward identity,

The fourth step is to evaluate the high Q limit
of the two body T-matrix using semiclassical
methods [7]. This includes taking the T-matrix
on-energy-shell, JWKB phase shifts, the Poisson
summation formula, and the large L/small angle
representation of the Legendre polynomials in
terms of Bessel functions. The resulting Dyson
equation may be solved analytically.

Details of these calculations will be g,
elsewhere.

3. RESULTS:
In the high Q limit of the HCPT, I find

Q S(Q,W) is .s convolution

Q S(Q,W) = F(Y) =

where the scaling

JmdY’ ~CpT(Y-Y’) FIA(y ’)
-m

ven

hat

(1)

variable is Y = (w-hQ2/2m)m/hQ,
(T) ia the impulse approximation result for

;n%b). The final atate resolution function,
~~# , ia given by

~cpT(Y) =;( dX COO(YX + Jx dx’ Re r(x’))
o

x
● exp(~ dX’ Im r(X’) (2)

o

Pr(i) = 2rIP Jm R dB f(B) g( X + B )
o

(3)

and

f(R) = e2i6(B) -
~ + ~ e2i6(ll)+iMnQB/2 (4)

r’f#o

Here, 6(B) i,a the JWKB phaae shift for impact
parameter B and p ia the density. r(m) in propor-
tional to the He-He T-matrix. Note that this
theory aatiafiea the kinetic energy sum rule even
for hard sphere potentials,

Figure i cornparea 18] the final stat~
broadening of HCPT to a Lorentzian (LZ) obtaiued
by taking g(r) ● 1 in Eq, 30
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R“CPT vs. R~z at 20 k’
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Fig. 1 Fing} state broadening function, R(Y), at
Q=20fi for hard core perturbation theory
(HCPT) a~d Lorentzian bradenin8 (LZ) VS.
y ~ (u-hQ /2m)m/hQ.

Figure 2 shows calmlationa of Q S(Q4UJ) using a
theoretical momentum distribution of He [9] at
T = O ‘K which has an 11.9% Bose condensate frac-
tion. ror HCPT, the linewidth of the nun-con-
densed atoms ia comparable to the IA, but the Bose
condensate peak is not clearly resolved. Because
the He-He potential is steeply repulsive, a dis-
tinct condenaa~f peak ia not obtained ●ven for Q’s
up to 100’a X . The LZ lineshape is much wider
than HCPT and 1A. In addition, there are much
smaller hard sphere glory oscillations of Q S(Q,UJ)
in HCPT than in LZ.
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Fig, 2, Q S(Q,UJ) ~ F(Y) where Y

for hard core perturbation
impulse approximation ([q
broadening (LZ) at Q = 20 h .
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: (whQ2/2m)m/hQ
theory (HCPT),
and Lorentzian

4. CONCLUSION:
The hard core perturbation theory of deep

inelastic neutron scattering experiments qualita-
tively confirms the earlier many-body cumulant
theory of Gersch, et al. [4] and the quasiclassi-
cal theory of Silver & Reiter [5]. The quantita-
tive predictions and the structure of the theory
are new. I have shown how vertex corrections give
rise to a non-Lorentzian, zero second moment line-
shape for final state effects. The good news for
experimentalists is that, at high enough Q, the
final state broadening of the impulse approxima-
tion takes the form of a convolution and is
smaller than the Lorentzian broadening theories
would predict. The bad ~ews is that neither the
Bose condensate p~k in He nor the Fermi surface
discontinuity in He will be clearly resolved in
S(Q,U) in any feasible deep inelastic r,eutron
scattering experiment . However, provided the
final state theory is known and instrumental
corrections Wderstood, a deconvolution procedure
(such as maximum entropy) might be attempted to
extract the singular structures and other proper-
ties of momentum distributiona. There must naw be
a detailed effort to reanalyze momentum distribu-
tion experiments on quantum fluids and solids. At
lower Q, the assumptions underlying F,qa. 1-4 (such
as on-energy-shell T-matrix) break down and the
relation of n(p) to S(Q,W) will be more complex.
An extension of the HCPT should enable
calculation at lower Q in the future.
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